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Estimating multimodal pilot model parameters from experimental data requires solving a global nonlinear

optimization problem with many local minimums. With traditional parameter estimation techniques, the solution

depends on the initial parameter estimate and a local optimum can be found instead of the global optimum. In this

paper, the parameter optimization is performed by using the theory of interval analysis, which describes the

properties of intervals of numbers instead of crisp numbers. Interval analysis has been shown to be an excellent tool

for global nonlinear optimization and it can guarantee that the global minimum of the cost function is found. The

interval optimization method is applied to data from an experiment investigating the role of optic flow and the

influence of physical motion cues during control of self-motion. A comparison between gradient-based and interval

optimization shows that the intervalmethod canfind the globalminimumof the cost function, resulting in the optimal

set of model parameters, whereas gradient-based methods often converge to a local minimum.

Nomenclature

e = tracking error signal, rad
fd = disturbance forcing function, rad
ft = target forcing function, rad
Hc = controlled system dynamics
H�j!� = frequency response function
Hnm = neuromuscular system dynamics
Hoto = otolith dynamics
Hpe = pilot visual error response
Hp� = pilot physical motion response
J = cost function
j = imaginary unit
Km = motion perception gain
Kv = visual perception gain
n = pilot remnant signal, rad
P = parameter vector
Toto1 = otolith lead constant, s
Toto2 = otolith lag constant, s
Tv = visual lead time constant, s
u = pilot control signal, rad
V = forward speed, m=s
�x� = interval variable x
�p = minimum parameter box width
�J = minimum cost function box width
�nm = neuromuscular damping
�v = visual perception time delay, s

�m = motion perception time delay, s
� = track angle, rad
! = frequency, rad=s
!nm = neuromuscular frequency, rad=s

I. Introduction

M ODELING human perception and control is an important tool
for the design of simulators and control systems [1–6]. Often

the goal of human perception modeling is not to replicate the output
of the human controller for a specific input, which can be done using
any nondescriptive nonlinear and even adaptive model such as a
neural network, but rather to describe and understand human control
behavior in terms of recognizable elements such as gains and time
delays. In either case, these models consist of parameters that need to
be optimized to fit the estimated model output to the real output.

For a number of identification methods in the time and frequency
domains, thisoptimization isnonlinear, characterizedbytheexistence
of multiple local minimums of the cost function [7]. Currently, linear
gradient-basedoptimizationmethodsareusedtosolvethesenonlinear
optimization problems, with the major drawback that one cannot
guarantee that the global optimal solution has been found. Different
initial values for the parameters can lead to different solutions,
indicating the existence of multiple local minimums. Zaal et al. [8]
apply a maximum likelihood estimation complemented with genetic
algorithms to cope with the inherent nonlinearities. The genetic
algorithms are used to find the initial parameter estimates for an
unconstrained Gauss–Newton optimization. The chances of finding
theglobalminimumof thecost functionaregreatly increasedbyusing
the genetic algorithms, but some suboptimal local minimums are still
found, and it is not possible to guarantee that the globalminimumwill
be found.

This paper introduces a global nonlinear optimization method
based on the theory of interval analysis [9–11] into the field of human
perception modeling. This method increases the performance of the
existing models, but also opens the path for new types of descriptive
models that include adaptive elements or nonlinearities such as
thresholds. Interval analysis was developed by Moore [9] in the
1960s to study error propagation. It describes the mathematical
properties of intervals of numbers instead of regular numbers and it
has shown to be an excellent tool for global nonlinear optimization in
a wide range of applications [12–15]. An experiment performed in
the SIMONAResearch Simulator investigating the role of optic flow
and the influence of physical motion cues during control of self-
motion is used to test this interval optimization procedure [16].
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First, this paper will discuss the parameter estimation problem in
human perception modeling (Sec. II), including current techniques
and drawbacks.Next, Sec. III introduces interval analysis, discussing
the basic theory of interval arithmetic and the interval branch and
bound optimization method. In Sec. IV, two examples are given of a
simple parameter estimation problem and the differences between
gradient-based algorithms and the interval algorithm are highlighted.
Next, we will apply these methods to an optimization problem in
the field of human perception modeling, comparing gradient-based
optimization methods with interval optimization methods. The
subsequent section describes the experiment that has been chosen as a
testbed for the interval algorithmandgives theoptimization results for
this identification problem, followed by the conclusions in Sec. VI.

II. Parameter Estimation Problem
in Human Perception Modeling

Although humans are nonlinear biological systems, in carefully
designed control tasks and under constant conditions, they can be
modeled by linear response functions and a remnant signal that
accounts for nonlinear behavior [1]. In an aircraft or simulator, a pilot
perceives different cues about the current state and the desired state of
the controlled dynamics and uses this information to give a proper
control action. Cues about the current state of the system dynamics
can be central visual, peripheral visual, vestibular, proprioceptive,
and somatosensory cues. The control output of the pilot changes the
state of the system dynamics and the resulting cues,making the task a
multiloop closed-loop control task.

A. Multimodal Pilot Model Identification

The closed-loop control task used in this paper to determine the
performance of the interval analysis optimization method is given in
Fig. 1 and is taken from previous research [16]. A pilot is controlling
the track angle � of a generic cart with system dynamicsHc. A target
forcing function ft represents the desired track angle and has to be
followed by the pilot. A compensatory display shows the error e,
which is the difference between the current and the desired track
angle. Information about the current state of the system is perceived
directly by the pilot via physical motion cues. The total pilot control
signal u consists of the output of a linear error response functionHpe,
the output of a linear state response function Hp�, and a remnant
signal n that accounts for the nonlinear behavior.

The linear response functions are parametrized by gains and time
constants, that is, the pilot equalization, and vestibular sensor
dynamics, time delays, and neuromuscular dynamics. Different
techniques are available to estimate the parameters of a multichannel
pilot model from experimental data. The identifiability of the
parameters depends on the type of control task, the control strategy of
the pilot, the pilot model structure, and the parameter estimation
technique.

Human operators adapt their control behavior to the controlled
dynamics in such away that the open-loop dynamics in the crossover
region can be described by a single integrator and a time delay [1].
The system dynamics used in this research for controlling the track
angle of a generic cart are given by

Hc �
32

s�s� 8� (1)

These controlled dynamics are a single integrator below a
frequency of 8 rad=s and above this frequency a double integrator.
With typical crossover frequencies of around 3 rad=s, the pilot is
effectively controlling single integrator dynamics and is not required
to generate lead. However, to achieve a higher performance,
especially when the visual information is not very accurate, lead will
be generated visually or through the vestibular system of the pilot
[16]. Based on McRuer and Jex’s precision model [1] and van der
Vaart’s multichannel model [17], the linear response functions (see
Fig. 1) are then parametrized by

Hpe�j!� � Kv�1� j!Tv�e�j!�vHnm�j!� (2)

and

Hp��j!� � �j!�VHoto�j!�Kme�j!�mHnm�j!� (3)

In the visual perception channel Hpe, Kv is the visual perception
gain, Tv the visual lead time constant, and �v the visual perception
time delay. The control action of the pilot is limited by the
neuromuscular dynamics Hnm, given by

Hnm�j!� �
!2
nm

!2
nm � 2�nm!nmj!� �j!�2

(4)

with �nm � 0:18 the neuromuscular damping and !nm � 11 the
neuromuscular frequency. In this research, these values are fixed to
keep the parameter estimation problem solvable in a reasonable
amount of time.

For the control task discussed here, a change in track angle induces
a lateral acceleration approximated by _�V, where V is the forward
speed of the system dynamics. The lateral accelerations are the input
to the otoliths of the pilot. The physical motion perception channel
Hp� includes the dynamics of the otolithsHoto, themotion perception
gain Km, and a motion perception time delay �m. The otolith
dynamics in the physical motion perception channel are given by

Hoto�j!� �
1� j!Toto1
1� j!Toto2

(5)

with Toto1 � 1:0 s and Toto2 � 0:5 s, the lead and lag time constants
of the otoliths, respectively. These values are determined in previous
research and fixed in the parameter estimation procedure [18].
Although there are more human sensors that sense linear
accelerations, for example, proprioceptive and somatosensory
sensors, they are left unmodeled in this research. This reduces the
amount of parameters and results in a solvable and well-posed
parameter estimation problem. The final parameter vector contains
five parameters to be estimated:

P� �Kv Tv �v Km �m �T (6)

B. Limitations of Current Parameter Estimation Techniques

In earlier research, parameter estimation techniques for pilot
modeling were used that required two steps to estimate the
parameters of a multimodal pilot model [3,4,19,20]. In the first step,
nonparametric frequency response functions are estimated from the
time-domain data. The nonparametric frequency response functions
can be estimated by using Fourier coefficients or linear time-invariant
models [e.g., autoregressive exogenous (ARX) models] and are used
in the second step to fit a multimodal pilot model by adjusting the
parameters. To fit the pilot model, a cost function is used that
minimizes the difference between the identified frequency response
functions from the first step and the frequency response functions
from the pilot model, weighted by the variance of the estimate [20].

Depending on the control task and the structure of the pilot model,
inmany cases, themultimodal pilotmodels are able tomodel the total
pilot response with different solutions of the parameter vector
sufficiently well. For example, in a pure disturbance rejection task, if
controlled dynamics require the pilot to generate lead, this can be
modeled by the visual lead constant in the visual perception channelFig. 1 Multiloop closed-loop control task.
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or by vestibular lead from the physical motion perception channel.
Also, the time delays introduce many local minimums in the
optimization problem. This results in a highly nonlinear nonconvex
optimization problem, which is difficult to solve using the traditional
gradient methods. Finding the global minimum is not guaranteed.

Additionally, for the identification of multiple frequency response
functions, the two-step method requires inserting as many
deterministic test signals at different locations in the control loop
(e.g., a target andadisturbance) as thenumberof response functions to
be identified.Also, theforcingfunctionsneedtobecarefullydesigned,
keeping in mind the requirements for identifiability of the frequency
responses and the limitations of the pilot. This means the two-step
method poses strong constraints on the design of the control task and
often leads to tasks that are less representative of actual piloting tasks.

A new identification technique for estimating the parameters of a
multimodal pilot model is based on maximum likelihood estimation
(MLE) [21–23]. Using MLE, the parameters of a multimodal pilot
model are directly estimated from the time-domain data using only
one step. This increases the accuracy of the estimated parameters.
Additionally, MLE significantly reduces the requirements on the
forcing functions giving experimenters more freedom in the design
of the control task. It is even possible to estimate the parameters of a
two-channel model using only one forcing function [24]. This allows
for control tasks that are more representative for actual piloting tasks.

AlthoughMLEsolves a lot of problems introduced by the two-step
method, the multimodal pilot model in state-space form, needed for
MLE, is highly nonlinear in the pilot model parameters, resulting in a
highly nonlinear optimization problem with many local minimums.
To increase the probability of finding the global minimum of the cost
function, a genetic algorithm in combination with a Gauss–Newton
optimization can be used [21]. Although this improves the
performance of theMLEmethod, finding the global minimum of the
cost function is still not guaranteed. Finding a local minimum results
in a parameter set that does not represent the actual multimodal pilot
control behavior.

This paper introduces a parameter estimation technique based on
interval analysis that guarantees to find the global minimum of a cost
function. The traditional two-step method, that is, a fit of the pilot
model in the frequency domain, is used as proof of concept for this
new parameter estimation method, as it requires less computer
power. Expanding themethod to a cost function in the time domain is
relatively straightforward.

III. Interval Analysis

A. Interval Arithmetic

Interval analysis is the theory dealing with interval numbers and
the arithmetic operations on them [9,25]. An interval number �x� is
defined by an ordered pair of real numbers �x� � �a; b� with a � b.
Operations applied to the ordinary number system can be extended
to cover interval numbers, for example, the basic computational
operations of addition, subtraction, multiplication, and division:

�a; b� � �c; d� � �a� c; b� d� (7)

�a; b� � �c; d� � �a � d; b � c� (8)

�a; b� 	 �c; d� � �min�ac; ad; bc; bd�;max�ac; ad; bc; bd�� (9)

�a; b�
�c; d� � �a; b� 	 �1=d; 1=c� if 0 =2 �c; d� (10)

The infimum and supremum of an interval are defined as

inf��x�� �min
x2�x�

x; sup��x�� �max
x2�x�

x (11)

Although some people had been working on bounding rounding
errors in the 1950s, the breakthrough for interval analysis came in the
1960s with Moore’s book Interval Analysis [9].

Just as ordinary numbers can be grouped in vectors, interval
numbers can be stacked in an interval vector, which is often called a
box. An interval can be split into two or more subintervals. For
interval vectors, these subdivisions are called subboxes. In the
remainder of the text, interval variables and numbers will be denoted
with square brackets.

The core of interval analysis is to use interval arithmetic to form
an inclusion function �f���x�� of any function f�x�. This property of
interval arithmetic follows from the inclusion function theorem given
by Moore [9,26]:

Theorem III.1: If �f���x1�; �x2�; . . . ; �xn�� is a rational expression in
the interval variables �x1�; �x2�; . . . ; �xn�, that is, a finite combination
of �x1�; �x2�; . . . ; �xn� and a finite set of constant intervals with interval
arithmetic operations, then

�x1�0 
 �x1�; �x2�0 
 �x2�; . . . ; �xn�0 
 �xn� (12)

implies

�f���x�01; �x�02; . . . ; �x�0n� 
 �f���x1�; �x2�; . . . ; �xn�� (13)

for every set of interval numbers �x1�; �x2�; . . . ; �xn� for which the
interval arithmetic operations in �f� are defined.

If we take �x�01; �x�02; . . . ; �x�0n to be the crisp numbers x1; x2; . . . ; xn
and apply the theorem, then we obtain

f�x1; x2; . . . ; xn� 
 �f���x1�; �x2�; . . . ; �xn�� (14)

for x1 
 �x1�; x2 
 �x2�; . . . ; xn 
 �xn�. It states that, if the function
arguments lie within the corresponding intervals, we can use interval
arithmetic to produce an interval for the output of the function which
is guaranteed to contain the crisp function output f�x�.

A property of interval arithmetic that can be deduced fromEqs. (7–
10) is that the width of the interval can increase under certain
computational operations. Some examples of interval arithmetic are

�0; 1� � �0; 1� � ��1; 1� (15)

��1; 2� 	 ��3; 4� � ��6; 8� (16)

sin��; 2�� � ��1; 0� (17)

Thefirstequationshowsthat in intervalarithmetic �x� � �x� ≠ �0; 0�,
because the two terms are considered as different interval variables
that follow the subtraction rule in Eq. (8). This property of interval
arithmetic, known as the dependency problem, makes the result of a
computation dependent on its formulation. This is shown in the
following example:

�x� � ��1; 3� (18)

�x�2 � �x� � ��3; 10� (19)

�x���x� � 1� � ��6; 6� (20)

�
�x� � 1

2

�
2

� 1

4
� �0; 6� (21)

In the last formulation, the interval variable �x� occurs only once,
which results in the tightest bounds on the result of all the
formulations. In fact, when the variable occurs only once, the interval
computation will produce the exact range of values [9]. Note that the
interval square operator here is not evaluated as an interval product,
which would mean there are two instances of �x�, but as a special
function that does not return negative lower or upper bounds.
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B. Global Nonlinear Optimization Using Interval Analysis

Using the properties of intervals as described in the previous
section, this section will show how intervals can be used to solve
nonlinear optimization problems. Consider a nonlinear cost function
J as a function of variables x1; . . . ; xn and optimization parameters
p1; . . . ; pm:

J� J�x1; . . . ; xn;p1; . . . ; pm� (22)

The parameters and the resulting cost function can be replaced
with intervals:

�J� � �J��x1; . . . ; xn; �p1�; . . . ; �pm�� (23)

where, for each parameter, the interval is set to cover the search space
in which it needs to be optimized, so if, for example, p1 represents a
delay which is known to be in the range of 0.1–0.8 s, the interval for
p1 is set to

�p1� � �0:1; 0:8� (24)

The complete search space is defined by the set of all interval
parameters, which can be combined into a single interval vector or
box:

�P� �
�p1�
. . .

�pm�

0
@

1
A (25)

Aglobalminimumcan only be found if it resideswithin the chosen
search space, defined by the interval boundaries. When the true
global minimum is not inside the search space, a suboptimal local
minimum will be found.

The optimization problem can now be written as

min�J��x1; . . . ; xn; �P�� 8 pi 2 �pi� i� 1 . . .m (26)

The goal of the branch and bound algorithm is to efficiently
remove subboxes from the initial parameter space, for which it is
guaranteed that they do not contain the parameter combination for
which the cost function has a global minimum. When the cost
function is evaluated for a particular parameter box, the resulting
interval can be wider than the range of values obtained when
computing the cost function for each combination of parameters in
the parameter box. This is caused by dependency (see Sec. III.A).

Let �J1� and �J2� be the cost function evaluation for parameter
subboxes �P1� and �P2�, respectively. Assume that �P1� and �P2� are
formed by a bisection of the complete search space �P�. Because
of dependency it is not possible to say that the true minimum value
of J is in the interval with the lowest lower bound. So if
inf��J1��< inf��J2��, the true minimum value of J can still be in �J2�.

Only if sup��J1��< inf��J2�� it is guaranteed that the global
minimumof the cost function is in the interval �J1� and thus formed by
a combination of parameters inside �P1�. This method of eliminating
subboxes that cannot contain the global minimum is a fundamental
element of the interval branch and bound algorithm.

The first step of the interval branch and bound algorithm is to
define the parameter search space as a multidimensional interval box
�P�. Next, the cost function is evaluated for this complete search
space, resulting in �JP�. This interval is likely to be very wide, but it
is guaranteed that the global minimum is contained in it. As was
explained earlier, it is not possible to say that the global minimum is
equal to inf��JP��. The best estimate J�min for the global minimum of
the cost function at this point in the algorithm is J�min � sup��JP��.

The next step is to split the initial search space into subboxes.
There are many possible ways to split an interval box and the theory
does not state which method is best. Although the type of box-
splitting influences the efficiency of the algorithm, the same global
minimum will be found each time. Some possibilities are as follows:

1) Bisect in all dimensions, resulting in 2m new subboxes,wherem
is the number of dimensions in the original interval box.

2) Bisect in the dimension with the widest interval, while not
bisecting in the remaining dimensions, resulting in two new
subboxes.

3) Split a random dimension into a random number of sub-
intervals.

The new boxes obtained by splitting are put into a list ordered by
the lower bound on the cost function evaluation of these boxes (see
Fig. 2). Every time a new box is added to the list, the current best
estimate of the cost function J�min can be lowered if the upper bound of
the cost function corresponding to the added subbox is lower than the
current best estimate. When J�min is lowered, a check is done to see if
any of the boxes in the list have a lower bound on the cost function
that is higher than the current best estimate. If so, then this box and all
following boxes can be removed from the ordered list, thereby
reducing the search space. In the example in Fig. 2, the subboxes �P6�
and �P7� can be removed from the list.

Splitting, evaluating, and discarding of subboxes continues until
the list of subboxes is empty. This requires some criteria to be set on
the minimal width of the parameter subboxes:

max�w��Pi���< "P; w��x�� � sup��x�� � inf��x�� (27)

When subboxes reach this criteria, they will not be split again and
they will be put in a list of solutions. A different type of stopping
criteria is the width of the evaluated cost function for a subbox:

w��Ji��< "J (28)

Usually, a combination of both stopping criteria is used, depending
on the shape of the cost function. A flowchart of the basic interval
branch and bound algorithm is given in Fig. 3.

C. Gradient Information in Branch and Bound

The branch and bound algorithm described previously can be
extended to incorporate information about the gradient of the cost
function with respect to the parameters if this information is
available. Imagine an interval cost function �J� as a function of a
single interval parameter �p�, then the derivative dJp��pi�� evaluated
for a subbox �pi� of �p� becomes

�dJp���pi�� �
d�J��p���
d�p� ��pi�� (29)

which can fall in only one of the following categories:
1) inf��dJp���pi���> 0,
2) sup��dJp���pi���< 0,
3) inf��dJp���pi���< 0, sup��dJp���pi��� > 0.
For case 1, the derivative is positive over the entire subbox,

whereas for case 2 the derivative is negative over the entire subbox.
For these cases, there cannot be a globalminimum in the subbox, so it
can be discarded. An exception occurs for case 1 when the subbox
contains an edge of the initial search space, which makes it possible
for the global minimum to lie on this edge. This exception is taken
into account and only subboxes satisfying the first case while not
containing an edge of the initial search space are discarded.

[J]

[p ]1 [p ]2 [p ]3 [p ]4 [p ]5 [p ]6 [p ]7

J*min

Fig. 2 Sorting of subboxes in the branch and bound algorithm.
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When the interval derivative contains both negative and positive
parts, the subbox can (but does not have to) contain either a local
minimumor a localmaximum, so the subbox cannot be deleted, but it
stays in the branch and bound loop, where it will be split into smaller
boxes that perhaps can be deleted based on their derivatives.

D. Box Contraction

A further extension of the branch and bound algorithm, also based
on the gradient information, is to contract parts of a subbox that
cannot contain the solution (Fig. 4). The procedure is as follows:

1) Compute the derivative of the cost function with respect to one
of the parameters evaluated at the lower bound of the parameter
interval.

2) Compute the second derivative of the cost function with respect
to one parameter evaluated over the complete parameter interval.

3) Use these derivatives to determine the subinterval where a zero
of the first derivative can occur, Eqs. (30–32). Note that Eqs. (30) and
(31) are crisp equations.

4) Intersect this subinterval with the original interval to obtain a
reduced or contracted interval, Eq. (33).

5) When the amount of contraction is above a user-defined
percentage, the process can be repeated.

sup

�
@J

@x1

����
inf�x1�

�
� sup

�
@2J

@x21

����
�x1 �

�
� �x1 � inf�x1�� � 0 (30)

inf

�
@J

@x1

����
inf�x1�

�
� inf

�
@2J

@x21

����
�x1 �

�
�x̂1 � inf�x1�� � 0 (31)

�N� � � �x1; x̂1� (32)

�x1� � �x1� \ �N� (33)

IV. Examples of Parameter Optimization
Using Interval Analysis

Before applying the interval optimization method to the field of
human perception modeling, this section gives two simple generic
parameter optimization examples, showing the differences between
gradient-based optimization methods and the interval optimization
method. The motivation for showing these simplified examples is
that it is easy to show, in two dimensions, the effects of different
initial conditions for the gradient-based optimization. For the more
realistic and higher dimensional problem in Sec. II, it is not possible
to show these effects with the same clarity.

A. Example of an Optimization with a Complex Cost Function

This example optimization problem has two parameters, p1 and
p2. Reference output data d are generated by computing the system
output for some chosen values p�1 and p

�
2 . For this example, we set

p�1 � 2:2 and p�2 � 3:6:

d� p�1e�j!p
�
2 (34)

The goal is to find p�1 and p�2 , using only the value of d and
description of the system equation [Eq. (34)]. The system output for
any combination of crisp p1 and p2 is written as

y�p1; p2� � p1e
�j!p2 (35)

which can be written in interval notation as

�y���p1�; �p2�� � �p1�e�j!�p2 � (36)

Next, a search space is defined, which is the starting point for the
branch and bound algorithm described in Sec. III.B and also forms
the boundary for the constraint gradient-based optimization method:

�P0� �
�p1�
�p2�

� �
� �0; 7�
�0:5; 6:7�

� �
(37)

The cost function that is to beminimized is given in Eq. (38), together
with its interval notation, and is visualized in Fig. 5:

J�p1; p2� � abs�d � y�p1; p2��;
�J���p1�; �p2�� � abs�d � �y���p1�; �p2���

(38)

Clearly, using gradient-based optimization algorithms such as
MATLAB’s fmincon and fminsearch will have problems
finding the globalminimumof the cost functionwhen the initial point
is outside of the convex area that holds the global minimum.
Choosing the correct initial starting point for the optimization can be
difficult and usually the optimization is repeated for different initial
conditions until the expected global minimum has been found. For

[J]

[P]

[P] [J]

[P ]1

[P ]2

[P ]k

[J ]1

[J ]2

[J ]k

yes

[P]
[P] [P][P]

[P] [P]

no

i min

yes

i min min

min

[P ]1

[P ]2

[P ]k

[J ]1

[J ]2

[J ]k

J*min

no

Fig. 3 Schematic flowchart of the interval branch and bound
algorithm.

Fig. 4 Box contraction based on gradient information.
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this example, both the constrained and unconstrained algorithms
give five solutions for the minimum of the cost function. Note that it
is not possible to guarantee that no lower minimum is found when
starting at another initial point. This property of gradient-based
optimization methods is illustrated by Fig. 6, which shows the
minimums that are found by starting from many different initial
points. When the interval branch and bound optimization method
from Fig. 3 is used, starting with the initial parameter space defined
byEq. (37), only oneminimum is found,which is guaranteed to be the
global minimum for the interval ranges selected:

�Pfinal� �
�p1�final
�p2�final

� �
� �2:1999; 2:2001�
�3:5999; 3:6001�

� �
(39)

The cost function value corresponding to this solution is

�Jfinal� � �0; 5:29e � 007� (40)

B. Example of an Optimization Including a Threshold

There is no limitation on the model structure when using the
interval method; the cost function is even allowed to be
discontinuous to any order, which is another advantage compared
to gradient-based methods. Also, there does not need to be an
analytical expression for the cost function, for example, in the case
where the cost function is a function of measurement data stored in
lookup tables [13]. In the next example, a threshold is put into the
model structure, which is defined in the time domain and has two

parameters, p1 and p2. Reference output data d are generated by
computing the system output for some chosen values p�1 and p

�
2 . For

this example, we set p�1 � 2:2 and p�2 � 0:4:

d�
�
p�1x x � p�2
0 x < p�2

(41)

where x is a vector of input data in the time domain. The goal is tofind
p�1 and p�2 , using only the value of d and description of the system
equation [Eq. (41)]. The system output for any combination of crisp
p1 and p2 is written as

y�
�
p1x x � p2

0 x < p2

(42)

which can be written in interval notation as

�y� �
�
�p1�x x � �p2�
0 x < �p2�

(43)

Next, a search space is defined, which is the starting point for the
branch and bound algorithm described in Sec. III.B and also forms
the boundary for the constraint gradient-based optimization method:

�P0� �
�p1�
�p2�

� �
� �0; 5�
�0; 1�

� �
(44)

The cost function that is to beminimized is given in Eq. (45), together
with its interval notation, and is visualized in Fig. 7:
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Fig. 6 Gradient-based optimization of the example problem using MATLAB’s fminsearch and fmincon functions.
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J�
X
�d � y�2; �J� �

X
�d � �y��2 (45)

As in the previous example, gradient-based optimization
algorithms such as MATLAB’s fmincon and fminsearch have
problems finding the globalminimum of the cost function, illustrated
by Fig. 8, which shows theminimums that are found by starting from
many different initial points. When the interval branch and bound
optimization method is used, the correct global minimum is found:

�Pfinal� �
�p1�final
�p2�final

� �
� �2:1999; 2:2001�
�0:3952; 0:4035�

� �
(46)

V. Experimental Results

In this section, the optimization results for the human perception
modeling problem described in Sec. II are given for data from an
experiment. First, the setup of the experiment will be described
briefly. Next, the results for the interval optimization, for two
experiment conditions, are presented in Sec. V.B. Finally, the
solution to the same problem obtained by a gradient-based
optimization method is given in Sec. V.C.

A. Experiment Setup

In the past years, experiments were performed at the Delft
University of Technology Faculty of Aerospace Engineering to
investigate the role of optic flow and the influence of physical motion
cues during control of self-motion by modeling human perception
and control behavior [16,27]. The data of one of these experiments
are used to determine the performance of the interval analysis
parameter estimation procedure. The experiment was performed

on the SIMONA Research Simulator of the Delft University of
Technology (see Fig. 9). This simulator features a 6-degree-of-
freedom hydraulic motion system with an actuator stroke of 1.15 m.
The visual system consists of three projectors that generate a 180 deg
collimated outside visual.

The control task and the multimodal pilot model used in this
experiment were discussed in Sec. II. In the experiment, two visual
configurations were used for the outside visual of the simulator (see
Fig. 10). The baseline visual condition explicitly shows the track
angle error e, that is, the difference between the target forcing
function ft and the track angle � by a cross (see Fig. 1). In the second
visual condition, the subjects weremoving through an opticflowfield
consisting of Gaussian blobs, randomly scattered around a three-
dimensional grid. When moving through this optic flowfield, the
focus of radial outflow provides the subjects with an implicit
presentation of the error.

The two visual conditions were combined with three physical
motion conditions: no motion, reduced motion, and full motion. In
the full motion condition, the accelerations of the model were
translated one-to-one into accelerations of the simulator. For the
reduced motion condition, the accelerations were scaled by a factor
of 0.5. A classical washout filter was used to prevent the simulator
from drifting to the limits of the motion system, however, this had a
negligible effect on the accelerations in the frequency range of
interest. The experiment had a full factorial design, resulting in six
conditions in total. In this paper, the interval analysis parameter
estimation technique is used on the data of two conditions from one
subject, that is, baseline with full motion and optic flow with full
motion.

The subjects were controlling the track angle of a cart. The
physical motion in the experiment was in correspondence with the
lateral movement of the cart. This means that only the lateral
degree of freedom of the motion system, sway, was used during the
experiment. The velocity V of the cart was 3 m=s. In combination
with a motion filter, this ensured that the simulator did not reach
any motion bounds during the experimental runs. With full motion,
the subjects also perceive information on the current track angle of
the system dynamics by means of the lateral motion cues sensed by
the subjects’ otoliths. This results in the two-channel pilot model
given in Fig. 1.
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Fig. 8 Gradient-based optimization of the example problem using MATLAB’s fminsearch and fmincon functions.

Fig. 9 SIMONA Research Simulator.
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Fig. 10 Visual conditions used in the experiment.
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A two-step method is used to estimate the parameters of the pilot
model. From the time-domain data, the frequency response functions
of the pilot are estimated using a multi-input single-output ARX
model [20]. These frequency response functions are then used in the
second step to estimate the pilot model parameters using the interval
analysis parameter estimation procedure. Additionally, a gradient-
based optimization is used to serve as a baseline for the interval
analysis method. The cost function used in the optimization methods
is given by

J�
jĤpe�j!� � ~Hpe�j!; P�j2

�̂2jĤpej
�
jĤp��j!� � ~Hp��j!; P�j2

�̂2jĤp�j
(47)

where ^ indicates the frequency response of the ARX estimate and ~
indicates the frequency response of the parameter model.

Five parameters of the pilot model will be estimated [see Eq. (6)].
Theoretically. it is possible to optimize for more than these five
parameters, for example, by including the neuromuscular dynamics.
The interval algorithm will still find the global minimum of the cost
function, but the computation time will increase exponentially when
extra parameters are introduced. In this paper, the problem is limited
to five parameters, as the advantages of the interval method can
already be seen for this somewhat easier optimization problem. It
should be noted that the nature of interval optimization, that is, using
the branch and bound algorithm, makes it very easy to distribute the
computational load, for example, using a parallel computing cluster.

A search area needs to be defined that forms the initial interval box
and sets up constraints for the gradient-based optimization. The
search space is chosen as in Table 1.

B. Interval-Based Optimization

The results for the interval optimization shown in this section are
obtained by applying the standard branch and bound algorithm from
Fig. 3, supplemented by gradient-based box deletion (Sec. III.C), and
box contractions (Sec. III.D). During the branch and bound
algorithm, only subboxes that cannot contain the global minimum
are deleted, so the parameter box that is left at the end is guaranteed to
contain the global minimum of the cost function. The stopping
criteria is set as

Table 1 Search space

Kv [0.0001, 2.0000]
Tv [0.0001, 6.0000]
�v [0.0001, 1.0000]
Km [0.0001, 2.0000]
�m [0.0001, 1.0000]
Toto1 [1.0000, 1.0000] a

Toto2 [0.5000, 0.5000] a

�nm [0.1800, 0.1800] a

!nm [11.0000, 11.0000] a

aFixed parameter.

Table 2 Solution interval optimization

for the baseline condition

Kv [0.6057, 0.6059]
Tv [0.1518, 0.1522]
�v [0.2620, 0.2622]
Km [0.0011, 0.0012]
�m [0.3047, 0.3048]
Toto1 [1.0000, 1.0000]
Toto2 [0.5000, 0.5000]
�nm [0.1800, 0.1800]
!nm [11.0000, 11.0000]
J [18.3237, 18.3731]

Table 3 Solution interval optimization

for the flow condition

Kv [0.6697, 0.6698]
Tv [0.0001, 0.0002]
�v [0.3681, 0.3683]
Km [0.0028, 0.0029]
�m [0.3899, 0.3901]
Toto1 [1.0000, 1.0000]
Toto2 [0.5000, 0.5000]
�nm [0.1800, 0.1800]
!nm [11.0000, 11.0000]
J [70.0542, 70.1089]

Table 4 Solution of the gradient-based optimization method for the baseline condition

and several initial starting points

x0�0� x0�1=4� x0�1=2� x0�3=4� x0�1� Interval

Kv 0.6058 0.6058 0.6058 0.6058 0.6058 [0.6057, 0.6059]
Tv 0.0921 0.0921 0.0921 0.0921 0.0921 [0.1518, 0.1522]
�v 0.2621 0.2621 0.2621 0.2621 0.2621 [0.2620, 0.2622]
Km 0.0001 0.0005 0.0001 0.0004 0.0004 [0.0011, 0.0012]
�m 0.0001 0.6706 0.0001 1.0000 1.0000 [0.3047, 0.3048]
Toto1 1.0000 1.0000 1.0000 1.0000 1.0000 [1.0000, 1.0000]
Toto2 0.5000 0.5000 0.5000 0.5000 0.5000 [0.5000, 0.5000]
�nm 0.1800 0.1800 0.1800 0.1800 0.1800 [0.1800, 0.1800]
!nm 11.0000 11.0000 11.0000 11.0000 11.0000 [11.0000, 11.0000]
J 24.2229 23.0905 24.2229 23.4161 23.4161 [18.3237, 18.3731]

Table 5 Solution of the gradient-based optimization method for the flow condition

and several initial starting points

x0�0� x0�1=4� x0�1=2� x0�3=4� x0�1� Interval

Kv 0.6697 0.6697 0.6697 0.6697 0.6697 [0.6697, 0.6698]
Tv 0.0001 0.0001 0.0001 0.0001 0.0001 [0.0001, 0.0002]
�v 0.3682 0.3682 0.3682 0.3682 0.3682 [0.3681, 0.3683]
Km 0.0011 0.0011 0.0011 0.0001 0.0001 [0.0028, 0.0029]
�m 0.0001 0.0001 0.0001 0.9922 0.9922 [0.3899, 0.3901]
Toto1 1.0000 1.0000 1.0000 1.0000 1.0000 [1.0000, 1.0000]
Toto2 0.5000 0.5000 0.5000 0.5000 0.5000 [0.5000, 0.5000]
�nm 0.1800 0.1800 0.1800 0.1800 0.1800 [0.1800, 0.1800]
!nm 11.0000 11.0000 11.0000 11.0000 11.0000 [11.0000, 11.0000]
J 93.9653 93.9653 93.9653 97.9477 97.9477 [70.0542, 70.1089]
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sup��pi�� � inf��pi��< 0:00001 i� 1; . . . ; 5 (48)

where �pi� are the parameters from Eq. (6). Many boxes can end up
satisfying this stopping criteria, depending on the steepness of the
cost function near the global minimum and the type of box splitting
that is used. To obtain the location of the global minimum, the hull of
all these boxes must be taken, where the hull of two intervals �x� and
�y� is defined as

hull ��x�; �y�� � �min�inf��x��; inf��y���;max�sup��x��; sup��y����
(49)

The hulls of the remaining boxes for the baseline condition and the
flow condition are shown in Tables 2 and 3, respectively. It can be

seen that the diameter or width of the individual parameters is on the
order of 0.0002, while the width of the cost function is around 0.05.
This difference in widths indicates the presence of the interval
dependency problem, which was explained in Sec. III. A cost
function evaluation for crisp (i.e., width is zero) parameters leads of
course to a crisp cost function, butwhen interval parameters are used,
dependency can cause a small interval around one of the parameters
to result in a relatively wide interval (in this case, 250 times as wide)
around the cost function.

C. Gradient-Based Optimization

The gradient-based optimization requires an initial point in the
parameter space from which the optimization is started. This initial
guess requires knowledge about the optimization problem, but even
for someone experienced in the field of human perception modeling
it can be hard to find a good initial guess and it usually takes several
tries until a point is found that is believed to lead to the global
minimum.Depending on the type of problem, points in the parameter
space that are close to each other can lead to very different solutions,
making the selection of the initial guess even harder.

In Tables 4 and 5, the results for the gradient-based optimization
are given for five sets of initial conditions, where, for example,
x0�1=4� indicates that each parameter is set to a quarter of the total
search space as defined by Table 1, so x0�0� is the lower bound and
x0�1� the upper bound on the search space. For comparison, the
results from the interval optimization in Tables 2 and 3 are given in
the last column.

From these tables, one can see that the gradient-based methods
have not found the global minimum of the cost function, because the
minimum cost function found by the interval method is about 20%
lower. Some of the parameters, for example,Kv and �v, are converged
to their correct values, but others are stuck in a local minimum. If the
solution from the interval method is used as the initial guess for the
gradient optimization, then the gradient method cannot find a better
combination of parameters than the initial guess, proving that the
solution from the interval method is at least a local minimum, but it is
of course guaranteed that it is also the global minimum.
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To show more clearly the importance of the initial guess for the
gradient method, Fig. 11 shows histograms for the minimum cost
function value found for 1000 different initial guesses for both the
baseline and flow conditions. For the baseline condition, 194 random
initial conditions lead to the same minimum that is found by the
interval method; for the flow condition, this is 250. In total, six
different local minimums are found for the baseline condition and
eight for the flow condition. Although it seems plausible for these
types of problems that the global minimum can be found by
performing 1000 randomly initialized gradient optimizations and
then select the lowest cost function, there is no guarantee that this is
always possible.

D. Frequency Response Functions

Figure 12 gives the pilot frequency response functions Hpe and
Hp� (see Fig. 1) for the baseline and flow conditions. For the
frequency response function resulting from the interval analysis
optimization, the parameters are chosen as the midpoint of the
intervals (see Tables 2 and 3). For the frequency response functions
resulting from the gradient-based optimization, the solution is
chosen that was found the most frequently without going to a
parameter bound (see Fig. 11).

It can be seen that, for the baseline condition, the two parameter
sets from the two different optimization methods result in two
completely different visual and vestibular response functions.
Comparing the interval analysis and the gradient-based solution, it
can be observed that the gradient-based solution has a lead constant
that is too low, a vestibular gain that is too low, and a vestibular time
delay that is too high. For the flow condition, the two optimization
methods provide the same solution.

VI. Conclusions

This paper introduces a global nonlinear optimization method
based on the theory of interval analysis to solve the nonlinear
optimization problems occurring in human perception modeling.
This method is applied to an experiment, performed on the SIMONA
Research Simulator, investigating the role of optic flow and the
influence of physical motion cues during control of self-motion by
modeling human perception and control behavior.

Results from the interval optimization method are compared to a
gradient-based optimization algorithm, which is currently one of the
most frequently used methods in human perception modeling. With
the interval inclusion theorem and the branch and bound algorithm
that only removes boxes from the search space that cannot contain a
minimum of the cost function, it is theoretically proved that the
global minimummust be in the subboxes returned by the branch and
bound algorithm. The results of the simulator experiment investi-
gated here corroborate this conclusion by showing the lowest cost
functionminimumwhen compared to gradient-basedmethods. In the
experiment,five parameters are optimized and the globalminimum is
searched for in a predefined search area of the five-dimensional
parameter space. For 1000 gradient-based optimizations, each
starting with a random initial starting point, no solutions are found
that are better than the solution found with the interval method. A
simple two-parameter optimization problem with a complex cost
function is used to visualize the disadvantage of the gradient-based
methods of getting stuck in local cost function minimums. A second
two-parameter example shows how thresholds can be included in the
model structure.

The interval optimization method poses no limitations on the
structure of the human perception model, providing opportunities
to add more nonlinearities to the model such as thresholds. With
ongoing research into reducing the computational load of the interval
optimization method, it promises to be a useful tool in human
perception modeling.
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